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0. Introduction 
In his paper [S], Freyd proves the existence of tree abelian categories. Hc &KS it 
by taking a category A and embedding it into a large ambient abelian category. t-fc 
then constructs the smallest exact subcategory containing A (see [3] ). The construc- 
tion of free abelian categories in this paper is done without the ambient abclizrl cm- 
gory. The construction is indeed an external version of that made in [ 31. 
This construction gives an explicit description of fIee abelian categories, and we 
discover, for example, tilat they have enough projectives and injectives, and homulo- 
gical dimension at most two. It is clear from the construction that if A is small. its 
free abelian category is small. If A is locally small, then the free abelian categur!’ on 
A is also. 
Using machinery developed in [6]. we are able to translate categories with csact- 
ness conditions and their exact functors [5 ] to abelian categories and genuine exalt 
functors. We then show that the category of abelian categories is triple-able over the 
category of additive categories. 
The notation used is in general standard. Maps are composed in anti-diagramatic 
order. The words “map” and “morphism” mean the same thing. Monoltioryhisnis, 
epimorphisms and isomorphisms are called monos, epis and isos, respectively. Maps 
in the double-arrow category are indicated by their diagram or as a triple. Thus 
/&---+A ----+A” 
mean the same thing. The term triple is also used to mean what some suthors fall 
standard constructions or monads. The reason is that the papers refered to use this 
term [ 1, 21. We only refer to a co-triple anyway, so confusion with a 3-tuplc is not 
a danger. Objects in a category that are both projective and injective are called CJV&~- 
jet tives. 
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The author would like to express his gratitude to Peter Freyd for many conversa- 
tions and suggestions. The reader also owes a debt of gratitude to him, for without 
his formula for the inverse of a mono-epi, there would have been another chapter to 
read. 
1,. The category Ah(A) 
Let t!, be an additive category. In A”” define the following equivalence relation: 
B’------+B-B II 
b’ h 
B’T B 7 B” 
iff there are maps s1 : A + 8 and g2: A” + B such that 
I?’ s1 + 9 u = cy - p. 
The proof that this is an equivalence relation that respects addition and composition 
of maps follows the standard pattern for chain complexes. 
The category A”/= will be denoted by S(A). 
1.1. Theorem. S(A) is an additive category with kernels and cokernels. 
Proof. Kernels: The kernel of 
is given by 
(;- ;) 
------+B@A 
II 
A’ --__1_, A ---._--------_.j A ‘I 
and 
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I Pj 0 
B’@A --T----B CBA”--y---+B” ~4 
‘I 
cb “) 0 -a (h 7 O-l 
is the cokernel of (a’, ai, d). The product and sum are the pointwise ones. 
1.2. Definition. Let K(A) denote the full subcategory of S(A) whose objects are of 
the form 0 + A + A”, and let C(A) denote the full subcategory of S(A) WIMX ob- 
jects are of the form A ’ + A -+ 0. 
Proof. This is obvious from the formation of kernels, cokernels and sums. 
1.4. Proposition. The rnfzp 
B’-B 
b' 
-1_, B” 
b 
Bt b' --+ B 
h -_ ___+ B” 
B’------+B-0 
b' 
Proof. Just check the cancellation properties. 
The computation of the kernel of 
O-B-O 
0 ---P &---+ 0 
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shows it to be 
B------+B------0 
b’ 
is the cokernel of 
O------d-O 
and hence the following proposition holds. First, we will identify the fuU subcategory 
of S(A), whose objects are of ;he form 0 + A + 0, with the category A. 
1.5. Proposition. Given any object (X) in S(A), there are objects (A’), (A) and (A”) 
in A and a diagram of the form 
uw----+ (A) (a’ + (A”) 
I (cl 
(A”) (a? *(A) -(c) 
with (K) the kernel of (a), (C) the cokernel of (a’), (k) epi and (c) mono. 
The diagram (K) -+ (x) -+ (C) will be called a resolution. 
1.6. ProcGtion. Let (K) be in K(A). Let \F’) be the cokernel of (A) @-+ (B) in 
Let (K) --+ (B) be a map such that (K) L (B) + (F) = 0. Then there is a map 
S(A). 
(K) @) -+ (A) such that the foflowinn diagram commutes: 
1. 77ze category Ah(A) 
(A) 0 - (B) a 
Proof. Let (a) be (a’, it, cy”). The cokernel of (a) is given by 
B’b’6” - B” b 
I I i 
B’@A-B~A”------+B” @A” . 
Let the map @) and the null homotopy be given by 
() -K I__l_j k”’ 
B’@A-BBA”-B”e,A” 9 
then the null homotopy gives the equations 
b’ s1 + CY v2 + tl k = y, -a s2 + t2 k = 0. 
The map (d) is then given as 
/&----+A ------+A” 
and the diagram 
0 -K -K” 
with the dotted arrows as homotopies shows that [a)(d) = Cg). 
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An object with the property above will be called a strong projective. The dual will 
be called a strong irtjective. 
1.7. Proposition. The objects of C( A) are strong injectives. 
Proof. The dual of Proposition I .6. 
If the map (a) is epi, it follows that strong projectives are projective. Strong injec- 
tives are injective. Proposition 1.4 then gives that S(A) has eno-lgh projectives and 
injectives. Note that the objeczs of A are ambijective. 
1.8. Definition. Let B be a category with kernels and cokernels. 8 is said to have the 
i~‘Lf? exactrwss propm_v iff given any 
with C the cokernel of A -+ Band K the kernel of B + C, then the unique map A + K 
is epi. The dual definition gives the right exactness property. 
1.9. Proposition. Let 8 he a category with enough strong projectives, then 8 bus the 
1eJt cxactwss pwprtriy. 
1.18;. Proposition. !I a category has enough strong irrjectives, then it has the tight 
exac trwss properties. 
In the preceding two propositions, we were assuming that the category has kernels 
and cokernels. As a result of Propositions 1.9 and 1.10, S(A) has the right and left 
exactness proper tits. 
1.11. Proposition. If ali adc:itive category B has kernels, cokerneis, the right and left 
txactrwss properties, arid evqv mom-epi is iso, then B is an abelian category. 
The proofs of the above three propositions are straightforward. 
I. 12. Proposition. Mono-qis are iso in S(A). _ 
Proof. There is an easier proof. The following explicit formula for the inww of a 
mono-epi was discovered by Freyd: Let 
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be mono-epi. The kernel and cokernel are null-homotopic if there are maps 
s: A + A’, s’: B’ -+ A’, t: B -+ A, t”: A” -+ A, II: 1’3 + B’, v: L3 -+ A, w: B” --+ R and 
x: B” -+ A” satisfying the equations 
u’s+ty+t”il=1, b’u+yvtwb=l, 
ds t t b” = 0, av+bx=O. 
Let 
z” = --x t a t w + a t” x, z=vttwhtt”xh, 
z’ = --s’ t s’ u b’ t s u b’. 
Then (z’, z, 2”) is the inverse of <y’, y, y”>. 
Hence S(A) is an abelian category. 
1.13. A r ?finition. Define IA: A -+ S(A) as follows: Q(A j is the equivalence class of 
O+A -. ?)and$@i + B) is the equivalence class of 
O-A-O 
I i I 
O-B------+0. 
It is clear that IA is a full faithful additive functor. 
Before proceeding, we will review the :‘homology construction” found in 131. 
Let ;8 be an abelian category. Let A ‘a As A” be in the double arrow cate- 
gory. Define the humolcgy H((A)) of the sequence by 
H(QI)) = Im(Ker a -+ A -+ Cok a’). 
Because of the universal properties of kernels, cokernels and images, H is an additive 
functor from K” to Is. A routine diagram-chasing argument proves that H respects 
homotopy and hence can be considered as a functor from S( 8) to 6. The construc- 
tion of kernels and cokernels of a map in S( 5) gives a sequence whose homology is 
the kernel of the homology of the map. That is, H preserves kernels and cokernels 
as a functor from S( 8) to R. 
Let A and 8 be additive categories. Let F be an additive functor from A to 8. 
This induces an additive functor from S(A) to S( 8) as follows: 
G(A’-+A -+A”)=F(A’)+F(A)+F(A”), 
G((a’, LY, 0~“)) = (F(d), F(a), F(a”)). 
The functor clearly respects homotopy, is additive and kernel and cokernel preserv- 
ing merely because F is additive. 
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The following diagram commutes: 
A 
'A 
- s(A) 
i 
G 
------+S(%) * 
I6 
If 8 happens to be abelian, there is a functor H: S( 73) + 8 and up to natural equiv- 
alence the following diagram commutes: 
1.14. Theorem. Let A be a11 additive category. Let F be an additive functor from 
A to B with 8 abelian. Then there is a unique exact fitnctor K such that 
A ‘A s(A) 
commutes up to natural equivalence. (The funstor K is also unique up to natural 
equivalence. ) 
Proof. Extend F to 8 on kernels and then on cokernels. The extension will be a right 
exact functor preserving a covering family of projectives (the kernels of maps in A) 
and hence will be unique up to natural isomorphism. 
We will henceforth denote S(A) by Ah(A) and call it the free abelian category on A. 
Recognizing free abelian categories: 
1.15. Theorem. Let B be an abelian category. Let A be an additive full subcategory 
of 13 with the following properties. 
(i) T&e objects of A are ambijective in 13. 
(ii) Kernels of maps in A are projective in 8. 
(iii) Cokernels of maps in A are injective in E. 
(iv) For every B in 8 there are maps A’ -+ A and A + A” in A and a diagram 
K--B”-C f 
with K the kernel of a, C the cokemel of a’, f epi and g mono. 
Then 8 is the free abelian category on A. 
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Not too many familiar categories are free abelian categories. Its homological dimen- 
sion is at most two. The category of abelian groups does not have enough ambijectrves. 
Any zero-dimensional abelian category, such as a category of vector spaces over a 
field, is the free abelian category over itself. This does not need Theorem I. 15 for 
a proof. Just check the universal mapping property. All additive functors out of them 
are exact. 
1.16. Example. Free abelian categories are not necessarily zero-dimensional: Let F 
denote the category of free abelian groups. Consider the map 
2 I 
in Ab( F). It is epi but it cannot split because its inverse would have to be of the! form 
(H’, tz, n”) with IZ even. For the composition to be homotopic to the identity there 
would have ty be i;tegers s and t such that cz - 1 = 2 s + 6 t, but this says that II is 
odd. Thus Za Z+ Z is not projective in Ah(F). 
A simple homological argument will show that the homological dimension of a 
free abelian category cannot be one. 
If A is a pre-additive category, let E3 be the category obtained by adjoining all 
matrices with entries in A. Let Ah(A) = Ah(B). Then there is a full embedding 
A + Ah(A) and the following universal mapping property: Given any additive 
functor F: A --+ 8 with 6 abelian, there is a unique exact functor G: Ah(A) + 8 
such that the following diagram commutes: 
A __I_+ Ah(A) 
Let A be any category. Let Z(A) denote the free additive category on A. That 
is, the objects of Z(A) are the objects of A, and Z(A)@, B) is the free abelian 
group on A(,& B) (see [ 11). Define Ah(A) = Ab(Z(A)). There is an embedding (Iby 
no means full) A + Ah(A) with the following universal mapping proper ‘y: Given 
any functor G: A + 23 with B abelian, there is a unique exact functor F’: Ah(A) + 8 
such that the following diagram commutes: 
A - Ah(A) 
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For any category A, again, Ab(Aj is called the free abelian category on A. 
Let A be an additive category. Let C(A) be the category of chain complexes on 
A (infinite in both directions). Let HC(A) denote C(A) with homotopic maps identi- 
fied. HC(A) is a Puppe category. Let FHC(A) be the Frobenius category for HC(A). 
(See [ 51.) We offer the following theorem by A. Weller as an application of the recog- 
ni tion theorem: 
1.17. Theorem. If A is an additive category, then the exact completion of A in 
FHC(A) is the free abeiian category on A. 
The theorem is an application of the following lemma: 
1.18, Lemma. Let B be any Abelian category, and A a sic11 subcategory. Let A be 
the exact closure of A in 8. If there is a full subcategory C of 8 containirlg A, 
alid in which kerrrels of maps in A are projective and cukemels of maps in A are in- 
jective, then A is the free abelian category ON A. 
Proof. One needs simply verify that the hypotheses of Theorem 1.15 are satisfied. 
Pr00i of Theorem 1.17. In FHC(A), let C be the full subcategory whose objects are 
of the form 
. . . 
. . . O-O,--+ B,---+O -0 . . . . 
Routine computation shows that C contains A and that the hypotheses of Lemma 
I. I8 are satisfied, and so the theorem I’ollows. 
2. Quotients of a free abelian category 
Let A be an abelian category and S a thick subcategory [7]. We will call s a 
Serre class. We will denote by A/S the category obtained by inverting the maps in 
A whose kernel and cokernel are in S. 
One way to get Serre classes is the following: Let A be abelian and let F be a class 
of exact functors with abelian range. Define S to be the class of all objects taken to 
the zero object by all functors in F. Clearly, S is a Serre class. 
Let A be any category. Any subclass E of the double arrow category will be called 
an exactness condition [S] . A functor from A to an abelian category 8 that takes ob- 
jects of E to exact sequences in 8 is called E-exact. In the double arrow category of 
an abelian category, an object is called ZH if its homology is zero. 
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Let A be an additive category and E an exactness condition. Let F be the class of 
all E-exact functors with abelian range. Assume that the functors in Fare additive or 
assume that E contains all the split sequences in A. Let S be the class of all sequences 
sent to ZH under the functors of F. Then S is a Serre class in Ah(A) since it is the 
class of zeros of exact extensions of the functors in 6;. Let Ab(A)JS be denoted by 
2.1. Theorem. E(A) and the jknctor A -+ E(A) satisfy the following universal map- 
ping property: Given any E-exact functor F: A + 8 with B abelian, there is up tcr 
natural equivalence a unique exact functor H: E(A) + B such that 
A- &V 
commutes up to natural equivalence. 
Proof. Let G be the unique exact functor from Ah(A) to 8 that makes 
A - Ah(A) 
commute. By the definition of S, G kills the objects in S, hence there is 3 unique 
exact H: E(A) + B such that 
Ah(A) - E(A) 
G \J H i3 
commutes. H is the desired functor. The uniqueness of H follows from the observa- 
tion that the functor A + E(A) takes elements of E to exact sequences. 
Given an additive category A with an exactness condition E, define Pas the class 
of all objects of A for which 
A@'$)-+ A(P, E) -, A(P, E”) 
is exact for all E’ + E + E” in E; P is called the class of projectives relative to t! (or 
simply relative projectives). 
2.2. Proposition. Let 8 be an abelian category, S a Serre class. Let P be an obj’t’ct 
that is a strong projective in 8 and for which B(P, S) = 0 j i>r all S in S. Then tl;re map 
?3(P, -) + B/S(P, -) is onto. 
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Proof. Given 
B 
c 
i 
B-E 
f 
then cok c must be in S. By hypothesis, P + B 3 cok c = 0. Since P is a strong pro- 
jective, there is a map P + B such that P + B + C = f. This is the preimage of the 
given map. 
2.3. Proposition. Let B be abelian, S a Serre class. Let P be a strong projective in 8 
with the property that B(P, S) = 0 for all S in S. T&erg P is projective in B/S. 
Proof. Given the epi 
m 
C-E 
f ’ 
then S = cok f must be ;n S. Given a map P + D (it can be assumed to be in 23 from 
Proposition 2.2), form the diagram 
P 
$_ 
D 
5- 
C-E--+S--+O* 
SinceP-tD+E+S=O,thereisamapP+Csuch thatP+C+E=P+D-+E. 
2.4. Theorem. 77re functor A + E(A) takes relative projectives to projectives. 
Proof. Let P be a relative projective in A. We will show that the only map into the 
Serre class is zero in Ah(A). Let A’ + S + S” be in the Serre class. Then, since B(P, -) 
is E-exact , 
B(P, S’) -+ %(P, S) -+ B(P, s”) 
has zero homology. Given 
O-----+P-0 
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then s p = 0, hence there is a t: P -+ S’ such that s’ t = p, but this says that the map is 
null-homotopic. 
Propositions 2.2 and 2.3, and Theorem 2.4 can be dualized for relative injectives. 
In particular, if A is an additive category and C = (6, e, G) is a co-triple [ 1, 21, we can 
translate G-projectives to projectives and G-exactness to exactness. 
2.5. .4rnusing observation. Every abelian category is the quotient of a free abelian 
category. 
Proof. Let A be abelian, let E be the class of exact sequences in A. Let S be the 
Serre class determined by E. It is easy to see that E(A) is naturally equivalent o A. 
But E(A)= A/S is a quotient in the sense of Grabriel 16, 71. 
2.6. ;The tensor product of two abelian categories. Let A be the category of (small) 
abelian categories with natural equivalence classes of exact functors. It is part of the 
folklore that a tensor product exists in A. That is, given any pair of abelian catego- 
ries A and B, there is an abelian category A CQ B and a functor A X 8 -+ A ~3 8 with 
the following universal mapping property: 
Given any b&exact functor A X B s C with C abelian, there is a unique exact 
functor G: A @ B + C such that 
Ax%-----+ A@23 4 
commutes. 
We can construct A Q B as follows: Let A @ l3 denote the pre-additive tensor pro- 
duct. The objects are pairs of objects called AQPB, where ri is an object of A and B 
is an object of B. Define A@B(A@B, C@D) = A@, C)@ ?3(B, D). There is a func- 
tor A X B + A @?3. The object (A, B) goes to A @B. The map ($ g) goes to f@g. 
This gives the universal mapping property: 
Given any additive bi-functor F: A X B + C, with C additive? there is a unique 
additive functor G: A@8 + C such that 
AU+---+ AC323 
\ F 
L J 6 
C 
commutes. 
Now adjoin matrices and let the result still be called A@ 6. Let E consist of all 
sequences of the form 
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with A’L As A” and D’ d’ D L D” exact in A and 8, respectively. 
Let E(A@B) = A@ ?3. This is the desired tensor product. Any functor from 
A X B to an abelian category kills the Serre class if it is b&exact. The rest is easy. 
3. The triple-ability ef the category of abelian categories over the category of addi- 
tive categories 
In this chapter, let A denote the category of additive categories with natural 
equivalence classes of additive functors. Let Ab denote the category of abelian 
categories with natural equivalence classes of exact functors. Let T: A + Ab be 
functor that sends an additive category A to the abelian category Ab( A). If F is 
additive functor, let T(lr;3 take the sequence A’ +A +A” to the sequence 
the 
an 
FA’ -+ F A + F A”. Then T can be viewed as an endo-functor on A. (in other words, 
we forget the forgetful functor.) If 73 is an abelian category, let the functor 
Hg: Ab(lg) + 8 denote the functor obtained by taking homology of an object of 
Ab( B) viewed as an object of 8”. The triple T= (T, I, HT) is the one obtained by 
composing T with the forgetful functor. 
3.1. Theorem. (A, 9) is atz algebra in AT iff A is an abelian category and 9 = HA. 
proof. The fact that PIA = I A gives that A has weak kernels and weak cokernels. 
The weak kernel of A + B in A is given by 9 (Ker(l,@) + PA). We will now show 
that 9 preserves monomorphisms. For simpler notation, let A’ -+ A + A” be denoted 
by (A). Let (A) + (B) be a map in T A. Let (K) be its kernel and suppose q((K)) = 0. 
Look at (K) + (A) + (B) as an object of PA. Follow it around the commutative 
diagram 
T* A T(g) + TA 
(1) lIT I Ip 1 
TA ------+A 
to get cp(0 -+ &(A)) z cp((U))) = 0. Now let X -+ cp((A)) + &B)) be zero in A. Apply 
IA: then the composition is still zero. Thus IA(X) -+Qtp((A)) factors through the 
kernel, which happens to be 0 -+ ((A)) -+ ((B)). Then apply 9 to see that X -+ &(A))= 
0. 
We will now show that 9 preserves kernels. We now know that A has kernels. Let 
(K) be the kernel of(k) -+ (B) in TA. Look at 0 -+ (A) + (B) as an object of T2(A) 
R efermces I17 
and follow it around the commutative diagram (1). This gives 
In a symmetric manner, A has cokcrnels and 9 preserves cokcrnels. Freyd’s recogni- 
tion theorem for abelian categories gives the abelianess of A. Since cp is exact, the 
universal mapping property of TA gives that cp = 11,~ 
Proof. If F is exact, the commutativity of 
TA 
HA 
-A 
TB- 
*% 
B 
follows from the universal mapping property of TA. If the diagram (2) commutes, 
then let A’ +A +A” be exact in A. Look at it as an object of TA, and follow the 
commutative square to get H#?A’ -+ FA + FA”) = 0. 
We have proven that the category Ab is isomorphic to AT. 
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